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Introduction
The space-time conservation element and solution element (CESE) method is a high-resolution and genuinely multidimensional method for solving conservation laws . Its nontraditional features include: (i) a unified treatment of space and time; (ii) the introduction of conservation elements (CEs) and solution elements (SEs) as the vehicles for enforcing space-time flux conservation; (iii) a novel time marching strategy that has a space-time staggered stencil at its core and, as such, fluxes at an interface can be evaluated without using any interpolation or extrapolation procedure (which, in turn, leads to the method's ability to capture shocks without using Riemann solvers); (iv) the requirement that each scheme be built from a non-dissipative core scheme and, as a result, the numerical dissipation can be controlled effectively; and (v) the fact that mesh values of the physical dependent variables and their spatial derivatives are considered as independent marching variables to be solve for simultaneously.
Without using flux-splitting or other special techniques, since its inception in 1991 [1] the unstructuredmesh compatible CESE method has been used to obtain numerous accurate 1D, 2D and 3D steady and unsteady flow solutions with Mach numbers ranging from 0.0028 to 10 [51] . The physical phenomena modeled include traveling and interacting shocks, acoustic waves, vortex shedding, viscous flows, detonation waves, cavitation, flows in fluid film bearings, heat conduction with melting and/or freezing, electrodynamics, MHD vortex, hydraulic jump, crystal growth, and chromatographic problems . In particular, the rather unique capability of the CESE method to resolve both strong shocks and small disturbances (e.g., acoustic waves) simultaneously [13, 15, 16] makes it an effective tool for attacking computational aeroacoustics (CAA) problems. Note that the fact that second-order CESE schemes can solve CAA problems accurately is an exception to the commonly-held belief that a second-order scheme is not adequate for solving CAA problems. Also note that, while numerical dissipation is needed for shock capturing, it may also result in annihilation of small disturbances. Thus a solver that can handle both strong shocks and small disturbances simultaneously must be able to overcome this difficulty.
In spite of its nontraditional features and potent capabilities, the core ideas of the CESE method are simple. In fact, all of its key features are the inescapable results of an honest pursuit driven by these simple ideas. The first and foremost is the belief that the method must be solid in physics. As such, in the CESE development, conservation laws are enforced locally and globally in their natural space-time unity forms for 1D, 2D and 3D cases. Moreover, because direct physical interaction generally occurs only among the immediate neighbors, use of the simplest stencil also becomes a CESE requirement. Obviously, this requirement is also very helpful in simplifying boundary-condition implementation.
The second idea is derived from the realization that stability and accuracy are two competing issues in time-accurate computations, i.e., too much numerical dissipation would degrade accuracy while too little of it will cause instability. In other words, to meet both accuracy and stability requirements, computation must be performed away from the edge ("cliff") of instability but not too far from it. This represents a real dilemma in numerical method development. As an example, schemes with high-order accuracy generally has high accuracy and low numerical dissipation. However, it is susceptible to instability. In fact, in dealing with complicated real-world problems, stability of these schemes often is difficult to maintain without resorting to ad hoc treatments. To confront this issue head-on, in CESE development, it is required that a solver be built from a non-dissipative (i.e., neutrally stable) core scheme. By definition, computations involving a neutrally stable scheme are performed right on the edge of instability and therefore the numerical results generated are non-dissipative. As such numerical dissipation can be controlled effectively if the deviation of a solver from its non-dissipative core scheme can be adjusted using some built-in parameters. Note that the above idea also plays an essential role in the recent successful development of a family of Courant number insensitive schemes [59, 61, 64, 65, 67] .
Other CESE ideas are: (i) the flux at an interface be evaluated in a simple and consistent manner; (ii) genuinely multidimensional schemes be built as simple, consistent and straightforward extensions of 1D schemes; (iii) triangular and tetrahedral meshes be used in 2D and 3D cases, respectively, so that the method is compatible to the simplest unstructured meshes and thus can be used to solve problems with complex geometries; and (iv) logical structures and approximation techniques used be as simple as possible, and special techniques that has only limited applicability and may cause undesirable side effects be avoided. Fortunately for the CESE development, as it turns out, the realization of the above lesser ideas (i)-(iv) follows effortlessly from that of the first two core ideas.
The first model equation considered in the CESE development is the simple convection equation ∂u ∂u ∂t
where the advection speed a = 0 is a constant. 
As depicted in Fig. 1 is completely determined by the data specified at an initial time level; (ii) its value at a space-time point has a finite domain of dependence (a point) at the initial time level; and (iii) the space-time inversion image of a solution to Eq. (1.1) is also a solution and vice versa. As such, in the initial CESE development, the focus is on the construction of an ideal core solver of Eq. (1.1) that enforces the conservation law Eq. (1.2) and also possesses all other properties of Eq. (1.1), i.e., it is a two-level, explicit, non-dissipative, and STI invariant solver. An in-depth account of this development and the resulting " a" scheme is given in [71] . As it turns out, the 2nd-order accurate a scheme (i) has a space-time stencil formed by one mesh point at the upper time level and two mesh points at the lower time level; and (ii) it is neutrally stable if ν 2 < 1 where ν = aΔt/Δx. Also, at each space-time mesh point (j, n), the a scheme is associated with two independent mesh variables u n 7 and (u x ) n 7 (the numerical analogues of u and ∂u/∂x, respectively) and two equations. Until recently, with one exception (a three-level and 3rd-order accurate scheme reported on p. 80 of [1] respectively) and three equations per mesh point, the scheme is referred to as the a (3) scheme in [72] . On the other hand, the space-time stencil of the second scheme to be described here is formed by one point at the upper time level and only two points at the lower time level. Because it is associated with four independent mesh variables u n 7 , (u x ) n 7 , (u xx ) n 7 , and(u xxx ) n 7 (the numerical analogues of u, ∂u/∂x, ∂ 2 u/∂x 2 , and ∂
respectively) and four equations per mesh point, hereafter the new scheme is referred to as the a (4) scheme.
The a (4) scheme
To proceed, consider the set Ω 1 of space-time staggered mesh points ( j, n) (dots in Fig. 2(a) ), where
.., and (j + n) is an odd integer} (2 . 1) Each (j, n) ∈ Ω 1 is associated with a solution element, i.e., SE(j, n) (see Fig. 2 At this juncture, the reader is warned that the notation used here may differ from that used in previous CESE papers . In particular, (i) the mesh indices j and n are only allowed to be whole integers here; and (ii) the spatial and temporal intervals that are denoted by Δx/2 and Δt/2, respectively, in are denoted by Δx and Δt, respectively, here. These changes are introduced so that the a (4) scheme can be compared with the a (3) scheme on the same footing. Note that the a (3) scheme, like most established schemes, is constructed over a set of mesh points which are not staggered in space-time.
Let ( x, t) ∈ SE(j, n). Then Eqs. (1.1) and (1.2) will be simulated numerically assuming that u (x, t) and h (x, t), respectively, are approximated by For any (j,
j are the only independent mesh variables associated with ( j, n). With the above preliminaries, next we describe the basic form of the a (4) scheme.
The basic form of the a (4) scheme
Let E2 be divided into non-overlapping space-time triangular regions (see Fig. 2 (a)) referred to as conservation elements (CEs). As depicted in Figs. 2(c)-2(f), (i) each (j, n) E Ω 1 is assigned with four CEs, i.e., CE(j, n; B), B = 1, 2, 3, 4; (ii) each CE represents a right triangle with the end points of its hypotenuse E Ω 1 but not the third vertex; and (iii) the space-time E2 can be filled by CE(j, n; B), B = 1 , 2 , 3 , 4; and (j, n) E Ω 1 . The a (4) scheme will be constructed by assuming that the flux of h * conserves over CEs, i.e.,
Using the special case B = 1 as an example, how Eq. (2.6) can be turned into a set of relations linking the mesh variables at two diagonally opposite neighboring mesh points will be explained step-by-step in the following remarks: (a) By definition, on S (CE (j, n; 1)) (i.e., the boundary of CE(j, n;1)), the line segments AD and AG belong to SE(j, n) while CD and CG belong to SE(j + 1, n -1). Note that, strictly speaking, points D and G do not belong to either SE( j, n) or SE(j + 1, n -1). This fact, however, does not pose a problem for flux evaluation over S (CE (j, n; 1)) because the values of h * at isolated points do not contribute to the flux of h * over a finite line segment. (b) The straight line passing through points A and C can be defined by
Δx Δx (c) For CE(j, n; 1), the outward unit normal vectors n^ on AD, CD, and AC are
respectively. (d) Obviously, (i) the length of the line segment joining any two neighboring points ( x, tom') and (x + dx, tom ' ) on AD is dσ = JdxJ; and (ii) the length of the line segment joining any two neighboring points (
On the other hand, because ldt/dxl = Δt/Δx for any two neighboring points ( x, t) and (x + dx, t + dt) on AC, the length of the line segment joining these two points is
(e) With the aid of (i) Eq. (2.3), (ii) the preliminaries given in the above items (c) and (d), and (iii) the relation ds = dσ n, one concludes that, for CE(j, n; 1), for the case
Δx where (i) the symbol "q" is used as a shorthand for the statement "if and only if", and (ii)
Then, with the aid of Eq. (2.12), the expression obtained by substituting Eq. (2.5) into (2.11) can be cast into the following form:
To simplify notation, in the above and hereafter we adopt a convention that can be explained using an expression on the left side of Eq. (2.13) as an example, i.e.,
Similarly, for the cases B = 2, 3, 4, Eq. (2.6) implies that 13ν +1 7ν 2 + 4ν + 1 (3ν + 1)(5ν 2 + 2ν + 1)
respectively. At this juncture, note that:
the normalized parameters (ux ) n j , (uxx ) n j , and(uxxx ) n j can be interpreted as the numerical analogues of the values at (j, n) of the first, second, and third derivatives of u with respect to the normalized coordinate x. (b) Note that: (i) the vector h * at any horizontal or vertical interface separating two neighboring CEs is evaluated using the information from a single SE; (ii) the vector h * at one half of any inclining interface separating two neighboring CEs is evaluated using the information from a single SE while that at another half is evaluated using the information from another SE; and (iii) the unit outward normal vector on the surface element pointing outward from one of two neighboring CEs sharing the same element is exactly the negative of that pointing outward from another CE. Thus one concludes that the flux leaving one of the two neighboring CEs through the interface they share is the negative of that leaving another CE through the same interface. Due to this interface flux cancelation and the fact that the CEs are nonoverlapping and can fill the space-time E2 , the local conservation relations Eq. (2.6) lead to a global conservation relation, i.e., the total flux of h * leaving the boundary of any space-time region that is the union of any combination of CEs vanishes.
Let 1-ν = 0 and 1+ ν = 0, i.e., .15) and (2.16) . By adding the simplified forms of Eqs. (2.13) and (2.14) together and then subtracting one of them from another, one has 
(1 - 
In turn, by subtracting Eq. (2.23) from both Eqs. (2.19) and (2.21), one has
Let ν -3= 0 and ν +3 = 0, i.e., 
Next, by substituting Eqs. (2.27) and (2.28) into Eq. (2.23), one has To proceed, let
and W
-(3/2)(3ν -1)/ (ν + 3) 18/ (ν 2 -9) 6/ (ν + 3)
and (ii) Eqs. (2.27)-(2.30) can be cast into the form 
where As a preliminary to a later development, next we will take a side tour and introduce the concept of invariance under space-time inversion.
Invariance under space-time inversion
Let u = u (x, t) be a solution to Eq. (1.1) in the domain -oo < x, t < + oo, i.e., In the following, the concept of STI invariance will be introduced for the a (4) scheme. As a preliminary, note that:
is the numerical analogue of the STI mapping Eq. (2.47); and 
is taken as the numerical analogue of the one-to-one mapping
For the independent mesh variables, by using Eq. (2.12), it is seen that the mapping Eq. (2.52) reduces to
With the aid of Eq. (2.31), Eq. (2.54) can be expressed as
The matrix U is unitary. In fact it is a real matrix with
Hereafter (i) M −1 denotes the inverse of any nonsingular square matrix M; (ii) for each (j, n), Uq(-j, -n) is referred to as the STI image of q(j, n); and (iii) the set formed by Uq(-j, -n), (j, n) E Ω 1 is also referred to as the image of the set formed by q(j, n), (j, n) E Ω 1 . According to Eq.
(2.57), q(j, n) = UUq(-(-j ) , -(-n)).
Thus q(j, n) is the STI image of Uq(-j, -n) as an individual (j, n) or as the set defined over Ω 1 . In the following, we will show that the system of equations defined by each of Eqs.
(2.18)-(2.21) is STI invariant, i.e., the system maps onto an equivalent system under the mapping Eq. (2.54).
As an example, consider the system defined by Eq. (2.18). Under the mapping Eq. (2.54), Eq. (2.18) maps onto^2 
Then, by using the fact that (j * + n* ) + (j + n) __ 0 and therefore (j * , n* ) E Ω 1 q (j, n) E Ω 1 , Eq. (2.58) can be cast into the form Let q(j, n) = q o (j, n), (j, n) E Ω 1 , be a solution to the basic form. Then, by substituting q(j, n) = q o (j, n) into the basic form, one obtains a system of identities involving g o (j,n), (j,n) E Ω 1 . Due to the STI invariance of the basic form, the above system of identities is equivalent to that obtained by substituting q(j, n) = Uq o (-j, -n) into the basic form. As such q(j, n) = q o (j, n), (j, n) E Ω 1 , represent a solution to the basic form(j, n) = Uq o (-j, -n), (j, n) E Ω 1 , represent another solution to the basic form. In other words, the STI image of a solution to the basic form is also a solution and vice versa. Obviously this conclusion is also valid for other STI invariant forms of the a (4) scheme.
Next, we will establish the STI invariance of the forward marching form. As a preliminary, discussion of some basic concepts is in order. Note that for any set of variables xj , yj, B = 1, 2, the conditions .26) is not valid). Note that: (i) the basic form of the a (4) scheme q its forward marching form for any choice of q(j, n), (j, n) E Ω 1 ; and (ii) the STI images of the basic and forward marching forms, respectively, are obtained from the basic and forward marching forms through the mapping Eq. (2.55), i.e., through replacing q(j, n) in the basic form and the forward marching form with Uq(-j, -n), (j, n) E Ω. From the above observations and the illustration given in the last paragraph, one concludes that the STI image of the basic form q that of the forward marching form. Because the basic form is STI invariant, i.e., the STI image of the basic form q the basic form itself, Now we arrive at the conclusion that the forward marching form q the basic form q the STI image of the basic form q the STI image of the forward marching form. Thus the forward marching form q its STI image, i.e., the forward marching form is STI invariant. QED.
The backward marching form of the a (4) scheme
According to Eq. (2.55), the STI invariance of the forward marching form implies that Eq. (2.39) q its STI image, i.e.,
By multiplying Eq. (2.66) from left using the matrix U and using Eq. (2.57), one concludes that Eq. (2.66) 
-6/ (ν + 3) and
Next, by replacing the "dummy" indices -j and -n everywhere in Eq. (2.67) with j and n, respectively, and using the fact that ( -j, -n) E Ω 1 q (j, n) E Ω 1 , one can see that the system Eq. (2.67) is identical to the system^q (j,n)=Q
Because the mesh variables at (j, n) can be determined in terms of those at (j -1, n + 1) and (j + 1, n + 1) using Eq. (2.74), hereafter Eq. (2.74) (which is equivalent to the forward marching forms of the a (4) scheme) will be referred to as the backward marching form of the a (4) scheme.
Eq. (2.74) was derived using the STI invariance of the forward marching form of the a (4) scheme. Alternatively, it can also be derived from the basic form. Note that: (i) by replacing the "dummy" indices j and n everywhere in Eq. (2.18) with j -1 and n + 1 and using the fact that ( j, n) E Ω 1 q (j + 1, n -1) E Ω 1 q (j -1, n + 1) E Ω 1 , one can see that the system Eq. (2.18) is identical to the system
(ii) by replacing the indices j and n everywhere in Eq. (2.19) with j -1 and n + 1 and using the fact that 
(iii) by replacing the indices j and n everywhere in Eq. (2.20) with j + 1 and n + 1 and using the fact that
and (iv) by replacing the indices j and n everywhere in Eq. (2.21) with j + 1 and n + 1 and using the fact that (j, n) E Ω 1 q (j -1 ,n -1) E Ω 1 q (j + 1, n + 1) E Ω 1 , one can see that the system Eq. (2.21) is identical to the system 
By multiplying Eq. (2.80) from left using the matrix U and using Eqs. (2.57) and (2.68), one has Eq. (2.74). QED.
As a preliminary for the developments in Sec. 3, in the following, important algebraic relations involving Q + (ν), Q-(ν), Q + (ν), and Q -(ν)will be extracted from the STI invariance of the a (4) scheme.
Algebraic relations associated with STI invariance
Let (jo , no) E Ω 1 be any given fixed mesh point. Then ( jo + 2, no) E Ω 1 and (jo -2, no) E Ω 1 . Let 'q (jo, no), ' q (jo + 2, no), and 'q (jo -2, no), respectively, be the arbitrary initial data specified at these mesh points. Let ν2 = 9. Then 'q (jo + 1, no + 1) can be uniquely determined in terms of 'q (jo, no) and 'q (jo + 2, no) by imposing the basic form Eqs. (2.18)-(2.21) with ( j, n) = (jo + 1, no + 1), In fact, by using the equivalent forward marching form Eq. (2.39), one has
Similarly, by imposing the basic form Eqs. (2.18)-(2.21) with ( j, n) = (jo -1, no + 1), one has
Among the conditions imposed above, (i) Eqs. (2.18) and (2.19) with ( j, n) = (jo -1, no + 1) represent two conditions linking 'q (jo -1, no + 1) and 'q (jo, no); and (ii) Eqs. (2.20) and (2.21) with (j, n) = (jo + 1, no + 1) represent two conditions linking 'q (jo + 1, no + 1) and 'q (jo, no). Thus the four mesh variables in 'q(jo, no) can be determined in terms of 'q (jo + 1, no + 1) and 'q (jo -1, no + 1) by using the four conditions specified in the above items (i) and (ii). In fact, by using the equivalent backward marching form Eq. (2.74), one has
By substituting Eqs. (2.81) and (2.82) into (2.83), one concludes that
where I is the 4 x 4 identity matrix and 0 ' is the 4 x 1 null column matrix. Because Eq. (2.84) must be valid for any choice of 'q (jo + 2, no), ' q(jo -2, no), and 'q (jo, no), the coefficient matrices in front of these column matrices must vanish identically. Thus we havê
where 0 is the 4 x 4 null matrix. As an example, one can prove Eq. (2.85) by substituting into Eqs. (2.84) each of the following sets of the initial data:
Here 'c t denote the transpose of a 1 x 4 matrix 'c. Similarly, by substituting the backward marching relations 
By using Eqs. (2.57) and (2.68), it can be shown that:
The dual a (4) scheme
In the above, the a (4) schemes is defined using only the mesh points ∈ Ω 1 . Independently, it can also be defined using only the mesh points ∈ Ω 2 where
.., and (j + n) is an even integer} (2 .98) For the current 1D case where a structured mesh is used, the a (4) scheme defined over Ω 1 is completely decoupled from that defined over Ω 2 . Thus, there is no practical reason to carry out computations using the two decoupled schemes simultaneously.
However, to simplify numerical comparisons between the a (4) scheme and the a (3) scheme which is only defined over the mesh point set
the numerical results to be presented in Sec. 4 are generated using the "dual" a (4) scheme, i.e., the scheme formed from the two decoupled a (4) schemes and defined over Ω. By the definition of STI invariance, one can see that each form of the dual a (4) scheme is also STI invariant.
von Neumann analysis
Let G(ν, θ) be a 4 × 4 nonsingular complex matrix function of ν and the phase angle θ such that
is a solution to Eq. 
3) is nonsingular and its inverse is .3), and (3.5) along with the fact that Q + (ν) and Q-(ν) are real matrices, one arrives at the important conclusion
Hereafter M denotes the complex conjugate of any matrix M.
For each (ν, θ), the four eigenvalues G(ν, θ) will be denoted as σ j (ν, θ), 1 = 1, 2, 3, 4, and referred to as the amplification factors of the a (4) scheme. By using Eq. (3.6), next it will be shown that
Hereafter z denotes the complex conjugate of any complex number z.
As a preliminary, first we introduce the following matrix theorems: An immediate result of Eq. (3.7) is
i.e.,
For any given ν, stability of the a (4) scheme requires that 
Numerical results
To assess the accuracy of the a (4) scheme, consider the model problem with the PDE
and the exact solution
We have
where λ = wavelength and T = period. Let (i) In Tables 1-4 , the numerical errors of several computations using the a(4), a (3) , and a schemes are presented in terms of the parameters^K
The numerical errors of several simulations with ν = 0. 1 and t = 9 .876 are given in Table 1 Table 2 , the cases considered have ν = 0. 1 and t = 10.00 = 10T. For these cases where t is an integer multiple of the period T, it is seen that (i) the a scheme is again 2nd order in accuracy for both u n j and (u x ) n j ; and (ii) the a (3) scheme is 4th order in accuracy for u n j , (u x ) n j , and (u xx ) n j . On the other hand, for the a (4) scheme, the estimated orders of accuracy for u n j , (u x ) n j , (u xx ) n j , and ( uxxx )nj are 4. 30, 2 . 17, 2 . 25 and 0. 164, respectively.
In Table 3 , the cases considered have ν = 1 /3 and t = 9 .6. According to Eq. (4.6), ν = 1 /3 is right at the stability boundary of the a (4) scheme. For these cases, it is seen that, aside from round-off errors, the numerical values of u n j and ( uxx )nj generated using the a (4) scheme are all identical to their exact solution values, respectively. However, one observes that the round-off error for u n j grows linearly with n while that for ( uxx )nj shows signs of nonlinear growth.
In Table 4 , the cases considered have ν = 1 /3 and t = 10. 00 = 10T, For these cases where (i) the value of ν is right at the stability boundary of the a (4) scheme and (ii) t is an integer multiple of T, aside from round-off errors, the numerical values of u n j , (u x ) n j , (u xx ) n j , and ( uxxx )nj generated using the a (4) scheme are all identical to their exact solution values, respectively. However, because of strong growth of round-off errors, these highly accurate results become unsustainable as n increases.
Conclusions and discussions
A thorough and rigorous discussion of a new high order neutrally stable CESE solver of Eq. (1.1) has been presented. Because this two-level explicit scheme is associated with four independent mesh variables and four equations per mesh point, it is referred to as the a (4) scheme. As in the case of other similar CESE neutrally stable solvers, the a (4) scheme enforces conservation laws locally and globally, and it has the basic, forward marching, and backward marching forms. Assuming ν2 = 9, these forms are equivalent and satisfy the STI invariant property defined in Sec. 2.
Based on the concept of STI invariance, a set of algebraic relations (Eqs. (2.95)-(2.95)) involving the coefficient matrices Q + (ν) and Q − (ν) is developed in Sec. 2. As it turns out, these relations can be used to construct a simple proof for the fact that the a (4) scheme is neutrally stable (i.e., non-dissipative) when it is stable. Numerically, it has been established that the scheme is stable if the Courant number jνj < 1 /3. It is shown in Sec. 4 that the a (4) scheme can be more accurate than the 4th-order non-dissipative a (3) scheme, at least for the primary mesh variable u n j . However, the a (4) scheme has the disadvantage that its stability bound is lower than that of the a (3) scheme which is neutrally stable when jνj < 1 / 2.
The CESE development has been driven by a basic idea that each practical scheme be built from a nondissipative core scheme so that the numerical dissipation can be controlled effectively. As such, development of the a (4) and a (3) schemes provides a foundation for the development of other more practical high order CESE schemes. 2(f).-CE(j,n;4).
